Abstract-A pursuit differential game of two pursuers and one evader in R 2 is studied. All players' controls are subjected to coordinate-wise integral constraints. By definition, pursuit is completed if the state of a pursuer coincides with that of the evader at some time. The problem is to find conditions of completion of pursuit. We show that if the energy vector of the evader belongs to a polygon, then pursuit can be completed.
I. INTRODUCTION
A number of studies are carried out for differential games (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ), and a few are dedicated to pursuit games of many players with integral constraints (see, e.g., [1] , [9] , [11] , [14] , [16] ).
A simple motion differential game of many pursuers and one evader in the plane was studied by Alias et al. [1] . The control functions of players are subjected to coordinatewise integral constraints. A nonempty closed convex set in the plane was given where the players move in this set. They have obtained a sufficient condition of completion the pursuit, constructed strategies and it was proved that if ρ In [9] , a differential game of m pursuers and one evader with coordinate-wise integral constraints was considered. The game is assumed to be occurred in a rectangle in the plane. Strategies for the pursuers were constructed and it was shown that if the inequality ρ j holds for some j ∈ {1, 2}, then pursuit can be completed for a finite time T .
In [11] , a simple motion pursuit differential game of many pursuers and many evaders on a nonempty convex subset of R n was studied. Strategies for the pursuers were constructed and from them, a finite number of time intervals [θ i−1 , θ i ] were defined. It was considered that on each interval only one of the pursuers pursues an evader while the other pursuers do not move. It was concluded that if the total resource of the pursuers greater than that of the evaders', then pursuit can be completed.
A differential game of approach of many pursuers and one evader where controls of players subjected to integral constraints was considered by Kuchkarov et al. [14] . The duration of game was fixed and it is defined that payoff functional is the distance between the evader and the closest pursuer when the game terminates. The purpose of the group of pursuers is to minimize the payoff functional while the evader tries to maximize it. They have obtained the estimates for the payoff functional and constructed strategies of the players that guarantee those estimates.
In [16] , a differential game described by the equationṡ
where z i ∈ R n , n ≥ 1, C i is a constant matrix, u i is a control parameter of the i-th pursuer and v is a control parameter of evader was considered. The controls of players are subjected to integral constraints. Three assumptions were made as follow: 1. The matrices C 1 , ..., C n are triangular, and their diagonal elements, c
There exists a positive constant d such that e tCi ≤ d for all i and t ≥ 0. They were proved that if assumptions 1. and 2. hold in the game (1), then it is possible to complete the pursuit in some time T 1 (z 0 ) and if assumptions 2. and 3. hold in the game (1), then it is possible to complete the pursuit in some time T 2 (z 0 ) starting at any initial position z 0 .
In the present paper, we consider a differential game of two pursuers and one evader in R 2 with coordinate-wise integral constraints. We find conditions under which pursuit can be completed in the game (2)- (5) and construct strategies for the pursuers.
II. STATEMENT OF THE PROBLEM
In R 2 , a pursuit differential game of two pursuers x i and one evader y, is described by the following equations:
where
is the control parameter of the pursuer x i , i = 1, 2, and v is that of the evader y.
where ρ ij , i = 1, 2, j = 1, 2, are given positive numbers, is called admissible control of the pursuer x i .
where σ j , j = 1, 2, are given positive numbers, is called admissible control of the evader.
is called strategy of the ith pursuer if for any admissible control of the evader v(t) = (v 1 (t), v 2 (t)), the following initial value problemẋ
has a unique absolutely continuous solution (x i (t), y(t)), and along this solution
Definition 4. We say that pursuit can be completed for the time T in the game (2)- (5), if there exist strategies, U i , for the pursuers such that x i (τ ) = y(τ ), at some time τ ∈ [0, T ] and i ∈ {1, 2}, for any behavior of the evader. Then, T is called a guaranteed pursuit time.
We can now state the pursuit problem. Problem. Find conditions under which pursuit can be completed in the game (2)- (5) and construct strategies for the pursuers.
III. MAIN RESULT
In this section, the main result of this paper is formulated using the following polygon. Proof of the theorem relies on Lemmas 1 and 2. Lemma 1. If σ < ρ, then pursuit can be completed in the following gamė
where x, x 0 , u, y, y 0 , v ∈ R, x 0 = y 0 , u is the control parameter of the pursuer x, and v is that of the evader y.
Proof. Set
where θ = | y 0 − x 0 | First show that the strategy (11) is admissible. Indeed,
By the Cauchy-Schwartz inequality,
and so
Now by this strategy, we show that pursuit can be completed.
We have
and therefore pursuit can be completed at some time t ≥ θ.
, then pursuit can be completed in the following game,
where x i , x i0 , u, y, y 0 , v ∈ R, x 0 = y 0 , u i is the control parameter of the pursuer x i , i = 1, 2 and v is that of the evader y.
Proof. Let
, then the strategy (14) is admissible as similarly shown in Lemma 1 and pursuit can be completed by the first pursuer, x 1 at some time, t ≥ θ 1 .
Then strategy (15) is admissible and pursuit can be completed by the second pursuer, x 2 at some time t ≥ θ 1 + θ 2 .
Proof of Theorem 1. 
Set
Now the strategies (18) and (19) are admissible and hence Lemma 1 guarantees that x 11 (t) = y 1 (t), t ≥ θ 11 and
Thus, for all time t ≥ max {θ 11 , θ 21 } = θ, x 11 (t) = y 1 (t),
, by Lemma 2, x 12 (t) = y 2 (t) or x 22 (t) = y 2 (t) at some t = τ , max{θ 11 , θ 21 } ≤ τ ≤ θ 12 + θ 22 if the pursuers use the following strategies. Set,
where θ 12 = y Hence at time θ 3 = θ 12 + θ 22 , pursuit can be completed.
Similarly for the other two regions, (σ , pursuit can be completed in the game (4)-(7) from the Lemmas 1 and 2.
IV. CONCLUSION
A pursuit differential game of two pursuers and one evader with coordinate-wise integral constraints is studied. The strategies of the pursuers have been constructed and it is shown that pursuit can be completed if (σ The results of the paper can be generalized to the case of the game with arbitrary finite number of pursuers.
